We discuss the dynamics in the laser with an injected signal from a perturbative point of view showing how different aspects of the dynamics get their definitive character at different orders in the perturbation scheme. At the lowest order Adler's equation ͓Proc. IRE 34, 351 ͑1946͔͒ is recovered. More features emerge at first order including some bifurcations sets and the global reinjection conjectured in Physica D 109, 293 ͑1997͒. The type of codimension-2 bifurcations present can only be resolved at second order. We show that of the two averaging approximations proposed ͓Opt. Commun. 111, 173 ͑1994͒; Quantum Semiclassic. Opt. 9, 797 ͑1997͒; Quantum Semiclassic. Opt. 8, 805 ͑1996͔͒ differing in the second order terms, only one is accurate to the order required, hence, solving the apparent contradiction among these results. We also show in numerical studies how a homoclinic orbit of the S il'nikov type, bifurcates into a homoclinic tangency of a periodic orbit of vanishing amplitude. The local vector field at the transition point contains a Hopf-saddle-node singularity, which becomes degenerate and changes type. The overall global bifurcation is of codimension-3. The parameter governing this transition is , the cavity detuning ͑with respect to the atomic frequency͒ of the laser. 
The dynamics of a laser under the influence of an external signal is an important issue in laser applications, especially in the fields of communications and signal steering. This reason and the variety of nonlinear behavior that it can display have turned this laser into the subject of several studies. The locked-unlocked "to the external signal… transition can proceed in a simple form "for small injected signals… such as the one predicted by Adler's equation 1 or display period doubling cascades, S il'nikov chaos, quasiperiodic solutions and more for larger values of injected signals. The organization of the dynamics can be understood by the concurrent effects of a Hopf-saddlenode "local… bifurcation coupled with a global reinjection mechanism. The back-bone of this organization was analytically unraveled using averaging "i.e., perturbative… techniques 2 which classified these systems in three qualitatively different regimes depending on the detuning of the host. The back-bone classification and the understanding achieved were partially challenged in Ref. injection, locking to the external frequency occurs. The first model to capture this behavior was Adler's phase equation, 1 which in bifurcation terms exhibits a saddle-node infiniteperiodic or Andronov bifurcation: 8 this is a well studied example of a local bifurcation ͑saddle-node͒ interacting with a global reinjection.
However, numerical experiments on the full 3-dimensional LIS rate equations produced a wealth of other phenomena ͑Hopf bifurcations, 9, 10 period-doubling cascades, 7 ,11,12 quasiperiodicity 9, 13 ͒ which cannot be accounted for with just a phase variable. By the use of the averaging technique, a phase and amplitude reduced model was put forward, 2 which allowed a thorough analytical study of an extended portion of the rich bifurcation set of LIS.
Among the main features of LIS accounted for by the averaged equations there are the previous Andronov bifurcation, and the occurrence of undamped oscillations of the amplitude of the electric field ͑known as relaxation oscillations͒ which originate in a Hopf bifurcation. Solari and Oppo 2 also discussed the occurrence of a Hopf-saddle-node bifurcation ͑HSN͒, when the saddle-node and Hopf bifurcation become tangent in a two-parameter bifurcation set.
14, 15 The unfolding of this local bifurcation presents four different cases ͑or types͒ depending on the sign of the nonlinear resonance terms.
14, 15 Solari and Oppo established that the cavity detuning controlled which of the HSN types occurs in LIS as follows:
Type II: 0ϽϽ II-I ; Type I: II-I ϽϽ I-III ; ͑1͒
Type III: I-III Ͻ,
with II-I ϭ1 and I-III ϭ) ͓where is a dimensionless quantity measuring the detuning of the cavity in terms of the characterized decay frequencies, see Eqs. ͑3͔͒.
In view of the fact that there is a morphological identity between the equations for a gaseous laser where the polarization has been adiabatically eliminated 2,9 and those of a semiconductor laser, 3,4 the results of the present discussion apply to the latter laser, being interpreted as the line enhancement factor ͑usually named the ␣-factor͒.
However Figure 1 illustrates a schematic two-parameter bifurcation diagram for the normal form equation for HSN ͓see Eqs. ͑26͔͒. The saddle-node bifurcation set divides the HSN parameter plane in two connected regions; the Hopf bifurcation set lies within one of these regions ͑the upper region͒ being tangent to the saddle-node line at the HSN point. In Type III, the periodic orbit born in the Hopf bifurcation exists in the upper region, above the Hopf-line while in the Type I it exists in the lower region ͑all the way up to the Hopf-line͒ and it is of saddle type.
This difference is of decisive importance when a rigorous analysis of global bifurcations associated to either the fixed points or the periodic orbit in the HSN unfolding is studied. Global bifurcations for Type III were analyzed in Ref. 5 , for the full 3-dimensional LIS equations. Numerically we studied the existence of S il'nikov orbits to saddle-focus fixed points of HSN. Furthermore, one of these homoclinic bifurcations was found to become degenerate in a S il'nikovsaddle-node bifurcation, where a homoclinic orbit to a saddle-node-focus fixed point occurs.
8, 16 Analytically, we developed a geometric model to study the periodic orbit organization around this degenerate bifurcation, which conjectured a global reinjection mechanism as a basic ingredient for the global bifurcations in this type. A recent analysis of this laser system 6, 17 corresponding to a cavity detuning in Type II, supports the results that the global reinjection present in LIS together with the HSN type are responsible for the organization of bifurcations. The global reinjection appears in the averaged equation as an invariant subspace.
Our goal in this manuscript is twofold. On one hand, present a consistent perturbation-approximation framework to the laser equations in order to consistently incorporate larger degrees of complexity in the model, going from the Adler equation at the lowest order to the averaged equations of Ref. parameter unfolding of the bifurcation. Our result also implies that the resulting homoclinic tangle 14 is shown to exist in parameter regions having no locking solutions ͑as opposed to Type III, where chaos is observed coexisting with the locking region͒.
In the next section we introduce the LIS equations, we revisit the averaging procedure and derive its simplest invariant solutions. In Sec. III we derive the locus of the Hopfsaddle-node bifurcation for the 3-dimensional LIS equations and perform the normal form computations around this singularity. In Sec. IV we study numerically how the global bifurcations change when the local bifurcation changes from Type III to Type I. In Sec. V we discuss and sum up our results.
II. THE LASER EQUATIONS
The single-mode rate equations for a laser with an injected signal can be deduced from the Maxwell-Bloch equations, which consist of an equation for the slowly-varying complex electric field, one for the complex material polarization and finally an equation for the population inversion. Physically, the system presents a competition between different frequencies: the cavity eigenfrequency c , the atomic eigenfrequency a , and the external injection signal ext . The electric field decays with a time constant proportional to 1/k, the polarization with 1/␥ Ќ , and the population inversion with 1/␥ ʈ . It has been shown that when ␥ ʈ Ӷ␥ Ќ ϩk, the polarization of the medium can be adiabatically eliminated. 2, 9, 18 This effectively reduces the laser equations to a 3-dimensional dynamical system in terms of E(t), the complex electric field and W(t), which is proportional to the population inversion. We will write the equations on a reference frame rotating with ext :
with the time t measured in units of ͓(1ϩ
. The three frequencies define two detunings:
is proportional to the cavity detuning with respect to the atomic eigenfrequency, is proportional to the detuning of the injected frequency with the unperturbed laser frequency, while
is the decay rate of the population inversion measured in the new time units. The analysis of this paper covers a large literature of semiconductor laser dynamics, in which case the parameter in ͑2͒ is the linewidth enhancement factor. The parameter ␤ corresponds to the rescaled amplitude of the injection, gϭ ␥ Ќ /(kϩ␥ Ќ )(1ϩ 2 ) р1 comes from the procedure to adiabatically eliminate the material polarization and A is the pumping with respect to the laser threshold.
We will consider ␤ and as bifurcation parameters ͑as well as when considering transitions between types in HSN͒, while is regarded as a small coefficient. Moreover, although many solid state lasers have g of order one, we will sometimes set gϭ0 since this simplification does not alter the qualitative bifurcation features. The pumping will always remain AϭO(1). For the sake of perturbation theory our ''small'' parameters will be as it is in practice ␤ and , corresponding to a small injected signal 19 Without perturbations (␤ϭϭϭ0) the laser equations present reflection and rotation symmetries in the Wϭ0 plane, 20 which account for an O(2) symmetry in ͑5͒. This is reflected in the circle of fixed points having (R,W,) ϭ(A,0,), for arbitrary . When the reflection symmetry is broken ( 0), a periodic orbit appears, and exists for a range of ␤ roughly up to the region where locking solutions appear. 5 Physically this solution corresponds to the cw (continuous wave) solution of the unperturbed laser, and has been studied with perturbation theory. 9 Due to the competition of the various frequencies, this system presents locking behavior. For a given injection amplitude ␤, there is a detuning such that the phase of the electric field locks to the injected source. This corresponds, in the rotating frame we are considering ͑2͒, to an equilibrium point. Actually, we find from the fixed point equations,
Ϫ␤ sin ϩ͑ϩW͒Rϭ0, a third order polynomial in R 2 ͑after having eliminated and W) whose roots correspond to three possible fixed points. For the parameter values of interest ͑small ␤͒ it is found that two of them ͑corresponding to the locked solutions͒ arise in a saddle-node bifurcation, while the third, approximately at (R,W)Ӎ(0,A 2 /), corresponds to the ''zero-intensity'' equilibrium. Physically, this solution represents a laser radiating no electric field while the population inversion is saturated; it must be an unstable solution when the laser is on.
A. Consistent approximations
We start by considering solutions far away from ͉E͉/A Ϸ0, and perform the change of variables vϭln(R/A) on ͑5͒ to obtain
For ␤ϭϭ0 the variables (v,W) respond to a Hamiltonian dynamics 21 with Hamiltonian HϭW 2 /2ϩA 2 (e 2v /2Ϫv), while the equation for is decoupled.
We review the approximation scheme of Ref. 2, which consists of two parts: ͑i͒ the normal form theory to eliminate nonresonant terms for the unperturbed system, i.e., a change of variables to render the equations more manageable and ͑ii͒ averaging of the fast motion. The normal form calculation eliminates quadratic terms O(v,W) 2 which appear in a Taylor expansion of ͑7͒ in terms of v. The change of coordinates reads as
with f ϭ&A and ␣ϭarctan(1/) ͑we will hence use and ␣ alternatively in order to display the simplest equations͒. The transformed system ͑7͒ becomes then, for small U, V, ϭ␤/A and :
where the explicit coefficients for the cubic terms are
Notice that for no perturbations (ϭϭ0), and truncating at order O(U,V)
3 , the system ͑9͒ decouples in a harmonic oscillator VЉϩ f 2 Vϭ0 and a trivial phase (t)ϭt. The change of coordinates ͑8͒ effectively eliminates all quadratic terms of the form U i V 2Ϫi , iϭ0,1,2 leaving a simple analytic solution from which to perturb. The lowest resonant terms are cubic,
͑term U 2 V in UЈ) and do not vanish for general values of the parameters. Indeed, in the variables (U,V), we have the Hopf normal form structure. 14 The oscillation ͑labeled RO͒ which arises in the (U,V) plane is physically interpreted as a relaxation oscillation.
The next step in the procedure involves recasting ͑9͒ in the standard ''slow'' vector field form required for averaging:
14 xЈϭ⑀F(x,t;⑀), where 0Ͻ⑀Ӷ1 and F is T-periodic in t. We therefore make a new change of coordinates which rotates with the unperturbed (ϭϭ0) harmonic solution: V(t)ϭr(t)cos"f tϪ(t)…,U(t)ϭϪr(t) ϫsin"f tϪ(t)…, where (r,) are the new variables. In the frame of reference of the RO, the resulting dynamics is effectively ''slow'' and we can average those time dependent terms in the equation over one period of the RO. We arrive at the averaged equations: 4 does not present the Type I behavior and expects a transition from Type II to Type III of HSN at ϭ1. We will establish below ͑see Sec. III B͒ using normal form theory that the classification ͑1͒ is the correct description of the HSN bifurcation.
B. Adler's model and beyond
Let us perform an order-by-order analysis of Eqs. ͑9͒ and ͑10͒. Retaining only first order terms in the expansion parameters , , U and V and performing then the averaging we obtain a decoupled system consisting of an oscillator plus a phase equation, i.e., an Adler equation:
The system displays a saddle-node bifurcation at the fixed point (rϭconst,ϭ) for
This equation signals locking behavior for a sufficiently large injection rate у SN . The next step in the perturbation approach could be to include second-order terms proportional to ͑assuming hence Ӷ), which represents a situation where the dissipation of the laser overwins the injection rate of energy. We approximate then the equation for rЈ in ͑10͒ as rЈϷϪ ͓(1 ϩA 2 g)/2͔ r and notice that in this regime, the dynamics on r asymptotically goes to rϭ0 after a short transient, and the Adler equation describes the motion in this submanifold. Also, due to the invariant subspace rϭ0 of ͑10͒ a global bifurcation occurs at the critical parameter value. This bifurcation scenario is known as Andronov or saddle-node infinite-period bifurcation, 8 and involves the disappearance at ϭ SN of the periodic orbit existing at rϭ0 for Ͻ SN .
For injection rates of the order of ϭO() we must consider the full equation for rЈ in ͑10͒. Finally, the next step in the approximation procedure is to include the terms up to second order in U and V and first order in and in ͑9͒, thus recovering the full equations ͑10͒. Normal form analysis 14 reveals that these terms are necessary to unfold the most important bifurcations. We will stop the perturbative expansion at this point, noting in passing that a more detailed analysis beyond the results in this and the coming sections demands the inclusion of terms of order three in U and V.
We may now refine the validation boundary of the Adler equation considering where the coupling between and r becomes important in ͑10͒. Indeed, a fixed point with rϾ0 in ͑10͒, corresponding to a transversal periodic orbit of the whole system, exists for ϭ H such that rЈϭ0, i.e., H ϭϪ2␣Ϫarcsin"(1ϩA 2 g) sin(␣)/…. Solving for the radius of the periodic orbit r H 2 from Ј we arrive at
which shows the existence of a periodic orbit whenever r H Ͼ0. The condition for a Hopf bifurcation becomes r H ϭ0 and is realized whenever
The Adler equation can be regarded to hold whenever Ͻinf H (,)ϭ(1ϩg) 2 Ϫ(sin 2␣) 2 . The Hopf and saddle-node local bifurcations considered above are not independent. The bifurcation sets become tangent at
which defines the location of the Hopf-saddle-node singularity in Eqs. ͑10͒.
C. Averaging and reinjection
Solari and Oppo 2 gave a comprehensive view of the bifurcations of Eqs. ͑10͒ organized around the HSN bifurcation for a large range of parameters. They extended the behavior observed in the simpler Adler's phase equation, still permitting analytical tractability of local bifurcations.
Nevertheless, some features of the averaged model involving global connections are nongeneric in dϾ1 dimensions, and deserve close attention. As noted in Ref. 14, the average procedure may obscure some things when it concerns global bifurcations. For example, the saddle-node infinite-period global bifurcation appearing at rϭ0 for ϭ SN is a feature not expected to occur in the full 3-dimensional LIS equations. 22 This fact may be traced back to Eqs. ͑9͒, where the only term breaking the rϭ0 invariance is cos(ϩ␣) in the equation for VЈ, which vanishes in the averaging procedure ͑after changing coordinates to the ''slow'' variables (r,), it is multiplied by a trigonometric function of f t with zero average͒. Therefore, we may expect that higher order corrections to the averaging model will break this particular invariant submanifold.
In this direction, we have conjectured 5 that a geometric model of the full LIS equations with the following three ingredients should display the homoclinic and heteroclinic features numerically observed on the full LIS equations:
͑1͒ A Hopf-saddle-node local dynamics. ͑2͒ A global reinjection resembling the periodic orbit at rϭ0. ͑3͒ A reinjection parameter destroying the rϭ0 invariance in the local normal form.
We will address the existence of a Hopf-saddle-node point in the full LIS equations ͑advanced in Ref. 6͒ in the next section. The existence of the periodic orbit has been sufficiently discussed above, and its effect on the reinjection will be clear from the equations below. We address now the remaining feature, which can be understood by perturbation analysis in ͑9͒ already at first order.
Let us reconsider Eqs. ͑9͒ truncated to first order at the parameter values for one of the saddle-node singularities ϭϪ/sin ␣ϭϪͱ1ϩ 2 :
VЈϭ f Uϩ
ЈϭϪ"1ϩcos͑͒….
With this parameter choice the fixed point located at Vϭ0, Uϭ/"f (1ϩ 2 )…, ϭ destroys the periodic orbit signaling the occurrence of the saddle-node bifurcation. The LIS reinjection is here represented by the decoupled equation in : Initial conditions for t→Ϫϱ near the fixed point at ϭ return to it ͑in the form ϭϪ) for t→ϩϱ. The equation integrates to (t)ϭ2 arctan(t). We can now solve for V and U with suitable initial conditions near the fixed point. We let zϭVϩiU and obtain ż ϩi f zϭ ͓/(1ϩ 2 )͔ ϫ" cos()Ϫsin()… which integrates to z(t)ϭBe Ϫi f t ϩ p(t) where B is determined by the initial condition, which we take such that for very large positive X, z(ϪX) ϭi/"f (1ϩ 2 )…. Hence,
which represents a circle centered on the fixed point with radius
Hence, initial conditions close to rϭ0 are reinjected near the fixed point with a value around rϭx , as conjectured in Ref.
5. As expected, the averaging wipes out this effect, which is important when global bifurcations associated to the HSN fixed point/periodic orbit occurs.
III. DERIVATION OF THE CODIMENSION-2 SINGULARITY
We now turn to a detailed normal form analysis of the Hopf-saddle-node ͑HSN͒ bifurcation in the full 3-dimensional LIS equations. First we obtain the locus of this singularity in parameter space, and next we turn into the computation of the normal form coefficients, from which we may establish the critical cavity detunings where the type of HSN changes.
A. Hopf-saddle-node bifurcation
The Hopf-saddle-node bifurcation arises generally in vector fields whose Jacobian at the fixed point x 0 ϭ(R ,W , ) has a pair of purely imaginary eigenvalues together with a zero eigenvalue: ͕0,Ϯi͖ with Ͼ0.
14,15
The Jacobian of ͑5͒ at x 0 is
and from the fixed point equations ͑6͒ we find
in terms of W , leaving the characteristic polynomial of J in terms of (W ,,),
As the roots of the characteristic polynomial at the HSN bifurcation are ͕0,Ϯi͖, the polynomial should read as 
in agreement with ͑15͒. Performing the exact computations without the expansion in , we obtain for ϭ2.0,gϭ0.0,ϭ0.3,Aϭ1.0, the numeric result: 
͑25͒
which compare very well with the approximate values using ͑23͒.
We conclude that the HSN singularity is intrinsic to the full LIS equations and not just a property of the averaged model. Also note that for →0, the codimension-2 point approaches (,␤) HSN ϭ(0,0).
B. Derivation of the normal form coefficients
The normal form of HSN up to second order in cylindrical coordinates is 14 rЈϭ͑ϩaz͒rϩO͑3 ͒,
where a,b,c 0 and and are the bifurcation parameters. Moreover, we can let cϭϪ1 by rescaling ͑this is the traditional form͒. The signs of a and b classify the different types of flows: Type I for (aϾ0, bϾ0), Type II for (aϽ0, bϾ0), Type III for (aϾ0, bϽ0), Type IV for (aϽ0, bϽ0). For sn ϭ0 one has a saddle-node bifurcation, while for Hopf ϭ 2 /a 2 , the Hopf bifurcation occurs. The radius of the periodic orbit is given by r Hopf 2 ϭ( 2 /a 2 Ϫ)/b. Hence, the difference between the phase portraits in Type III and Type I is that in the former, the periodic orbit always co-exists with the fixed points (Ͼ 2 /a 2 Ͼ0), while in the latter it may exist even before the creation of the fixed points ͑for Ͻ0, r Hopf Ͼ0); see Fig. 1 equations for a(), b(), c(), d() assuming, once again, small .
We start by linearizing LIS equations ͑5͒ around the fixed point x 0 ϭ(R ,W , ) at the HSN bifurcation parameter ( HSN ,␤ HSN ,) . This may be accomplished by choosing a linear change of coordinates ϭU À1 (xÀx 0 ), where U is the matrix having as first and second columns the real and imaginary part of the eigenvector of J associated to the eigenvalue i while the third column is the eigenvector associated to the zero eigenvalue. We find the matrix U reads ͓up to normalization constants, and showing up to O() terms for the sake of clarity͔ as
and the new system ϭ(x,y,v) reads as
where F(x,y,v), G(x,y,v) and H(x,y,v) carry only nonlinear terms.
The nonlinear coefficients of ͑26͒ can now be obtained in terms of derivatives of F, G and H ͑see Appendix B for the derivation͒. Up to first order in , we obtain
We observe from ͑29͒ that a() changes sign at II-I ϭ1ϩO(
) while b() at I-III ϭ)ϩO( ). In conclusion, the Hopf-saddle-node singularity in the 3-dimensional LIS equations change their type according to the Solari and Oppo results ͑1͒, up to order O(
2 ). The whole procedure to obtain the linear and nonlinear coefficients of the normal form may be evaluated numerically without using the expansions in . In Fig. 2 we compared the numerical evaluation with the approximate formulas given in ͑29͒. We find for ϭ0.3,gϭ0 that the critical cavity detunings become I-III ϭ1.71372..., II-I ϭ0.977794... . ͑30͒
Note that for small enough , the exact and the numeric approximation depart, due to the failure of the condition HSN Ͼ0 in ͑24͒ for evaluating the HSN coordinates.
IV. GLOBAL BIFURCATIONS
Simple numerical experiments on LIS equations ͓Eqs. ͑5͔͒ starting from the cw solution in ␤ϭ0, RϭA, ϭt, give us a qualitative picture of the dynamics in this laser. In Fig. 3 we display for two parameter cuts in , phase portraits of this longitudinal orbit ͑on the Wϭ0 plane͒ as the injection level ␤ is increased. It can be observed that part of the trajectory develops small oscillations in the transversal ͑to the   FIG. 2. Normal form coefficients a() and b() as a function of (gϭ0,  ϭ0.3, Aϭ1) .
Wϭ0 plane͒ direction, and approximately on the phase position where the fixed points will be born (RϷA, ϭ) in a saddle-node bifurcation at ␤ϭ␤ SN . One also observes that for higher ͑stronger phase coupling͒, the size of these oscillations is also larger. Below we will see that this orbit in fact leads to a family of similar orbits, in the neighborhood of ␤Ϸ␤ SN , with more and more transversal oscillations in that same region of phase space.
We call ␥ the transversal periodic orbit born at the Hopf bifurcation of fixed points. The properties of this orbit are in accordance with the results of the unfolding of HSN ͑Sec. III B͒ which depends strongly on the type of HSN.
14 For Type III the periodic orbit ␥ exists for ␤у␤ Hopf Ͼ␤ SN and may be stable or unstable, both situations connected by a secondary Hopf bifurcation ͑labeled tr in Fig. 5͒ . On the other hand, for Type I ␥ is a saddle orbit and exists for ␤ р␤ Hopf , and may even exist before the locking solutions appear (␤Ͻ␤ SN ) as illustrated in Fig. 4 . With the aid of AUTO94 23 the periodic orbit ␥ was found to belong to a family of transversal periodic orbits bounded in the relevant parameter space by a set of saddle-node bifurcations labeled sn-t in Fig. 5 and Fig. 6 . The saddle-node companion of ␥ is shown with a full curve in Fig. 4 . Associated to this family of transversal periodic orbits a Takens-Bogdanov singularity 14 was found, which guides another secondary Hopf bifurcation to the transversal orbit ͑labeled hp-t͒ and another homoclinic bifurcation ͑not shown in the bifurcation set͒.
24

A. Extremely large detunings
In a previous study, 5 we studied global bifurcations for a fixed ϭ2.0, which correspond to the Type III regime of HSN. The main bifurcations were two S il'nikov homoclinic orbits to either saddle-focus fixed points S or S' of the saddle-node bifurcation. The interesting phenomenon was that the branch of homoclinic orbit to S approached on one side asymptotically to the saddle-node bifurcation ͑the SSN point in Fig. 5͒ . At the limit point there was a degenerate homoclinic orbit 25 to a saddle-node fixed point. The orbit left the vicinity of the degenerate equilibrium through the 1-dimensional center manifold and returned through the 2-dimensional stable manifold. This interaction has been called a S il'nikov-saddle-node and requires 2-parameters ͑codimension-2͒ to unfold it.
We extend these results now and study the behavior of this degenerate bifurcation, as is decreased, in particular, as it approaches the critical ϭ I-III parameter value. To perform the numeric continuation of the S il'nikov-saddle-node The saddle-node ͑sn-fp͒ and the Hopf ͑hp-pf͒ bifurcation become tangent at the Hopf-saddle-node ͑HSN͒ bifurcation. In Type III a secondary Hopf bifurcation ͑tr͒ leading to a transversal torus and a global heteroclinic bifurcation between the two fixed points ͑not shown͒ originates from HSN. SSN denotes the S il'nikov-saddle-node degenerate bifurcation point. TB denotes a Takens-Bogdanov degenerate point, where a Hopf ͑hp-t͒, a saddle-node ͑sn-t͒ and a homoclinic bifurcation ͑not shown͒, all collide at the same point.
͑SSN͒ point, we implemented a simple shooting algorithm. Choosing the parameters at the saddle-node bifurcation ␤ SN () we took an initial condition on the center manifold at a small distance of the singularity and integrated forward in time to a Poincaré section away from the saddle-node equilibrium. We then shot from a point on the local 2-dimensional stable manifold backwards in time to that same Poincaré section, and chose the point such that it minimized the distance of both intersections on the section.
Next we changed in order to assure that zϭ0. At this point in parameter space we have an approximate orbit which follows the degenerate Shinikov-saddle-node orbit.
In Table I we show the results of the continuation of the SSN point as a function of , together with the corresponding b() coefficient of the normal form ͑26͒. It is observed that the SSN degeneracy approaches the HSN singularity at the detuning corresponding to the transition from Type III to Type I: I-III ϭ1.71372 ͑last row͒. This is the reason for performing an accurate determination of the location of the critical values in order to understand this limit behavior.
These results suggest that a global codimension-3 bifurcation occurs for this laser model at I-III . We are not aware of any theoretical result on the unfolding of such a degenerate bifurcation, so our numerical findings can serve as a ''suggested'' unfolding. Figure 7 displays the SSN homoclinic orbit very close to the transition point. We note that as we approach the critical detuning , the total integration time of the shooting implementation diverges, because the stable 2-dimensional manifold becomes a very slow manifold.
B. Large detunings
We now describe the global bifurcations for II-I Ͻ Ͻ I-III corresponding to the Type I regime. Note that from the local phase portraits for the HSN ͑see Ref. 14͒ we can see that for parameter regions where fixed points exist, the orientation of their manifolds is not suitable for homoclinic orbits of the type found in the previous section. However, observing the local phase portraits in the parameter region where there are no fixed points, the manifolds of the transversal periodic orbit ␥ are in a suitable position in order to produce homoclinic tangencies via the global reinjection mechanism.
To test this observation we used a multiple-shooting algorithm to locate the periodic orbit ␥, together with its stable and unstable eigenvectors. We then shot a number of orbits forward in time starting a small distance of ␥ and on the unstable eigenvectors towards a Poincaré section, and similarly backwards in time on the stable eigenvector. By fixing and adjusting ␤ we were able to detect two homoclinic tangencies to ␥ ͑Fig. 8͒, labeled t1 and t2. Figure 6 shows the numerical continuation of both homoclinic tangencies approaching the HSN singularity ͑see also the related Fig. 9͒ . This result indicates that the limit point of these global bifurcations seems to be the HSN singularity. This can be understood by studying in more detail the boundary of the existence of ␥ together with its manifold orientation. On the one hand the locus of existence is bounded for small enough ␤ by a saddle-node bifurcation ͓shown in Fig. 4͑a͔͒ , and by the Hopf bifurcation to the right. We can even sharpen the boundary of existence by noting that at the saddle-node bifurcation of equilibriums, the stable manifold of ␥ ''merges'' with the 2-dimensional manifold of the saddle-node fixed point. 26 Also as the radius of ␥ decreases as one approaches the HSN point, one may expect that the homoclinic tangencies also approach the HSN point.
To illustrate in more detail how the tangencies behave as we approach the HSN point, we display in Fig. 10 three parameter cuts for fixed values of , displaying the relative position of the invariant manifolds on a suitable Poincaré section as ␤ is changed. We note that the chosen ͑local͒ Poincaré section ⌸:͕xRe(E)ϭ0͖ is not a ''standard'' section ͑i.e., the section does not intersect the periodic orbit͒ for studying homoclinics to periodic orbits. Nevertheless it is a section transversal to the flow in the region of interest which has the advantage of showing the closed topology these manifold have in our case. Notice that the intersection points of a stable and an unstable manifold correspond to intersection points in the typical Poincaré section Wϭl, for a suitable l where the periodic orbit and the stable and unstable manifold crosses ⌸. Whenever there is no l such that a manifolds crossing occurs, then the manifolds in ⌸Ј do not intersect.
The first row displays how the unstable manifold ͑inside͒ grows, becomes tangent and creates a pair of homoclinic orbits. This case corresponds to the tangency t1, and it behaves similarly for other constant parameter cuts. The following rows illustrate how the t2 tangency may develop. Two cases are observed: ͑a͒ the stable manifold of ␥ shrinks to a point at the saddle-node bifurcation of equilibrium outside of the unstable manifold ͑second row͒, ͑b͒ it shrinks to a point inside the unstable manifold ͑last row͒. The third row shows approximately the transition point where the unstable manifold of ␥ just merges into the center manifold of the saddle-node equilibrium, producing a heteroclinic cycle ⌫ ␥-SN between ␥ and the saddle-node fixed point. In Fig. 9 we display a schematic bifurcation diagram, displaying the position of the global invariant manifolds of the most relevant objects.
This new transition point corresponds to another codimension 2 global bifurcation. The relevance of it may be understood by studying a return map for both cases. For case ͑a͒ it is clear that any orbit leaving the unstable manifold of ␥ after one global excursion will never return to the neighborhood of the periodic orbit, for all the interval of parameter ␤ t2 Ͻ␤Ͻ␤ SN . On the other hand for case ͑b͒ we expect that further iterations of the return map may produce subsidiary homoclinic tangencies to ␥ ͑with nϾ1 global excursions͒.
To complete the picture we investigated the organization of the periodic orbits approaching the homoclinic tangencies. Figure 11 shows the period versus ␤ continuation for a constant ϭϪ0.32, starting from the orbit at ␤ϭ0 and (R,W)ϭ(A 2 ,0), the unperturbed laser. It is observed that in contrast to the traditional S il'nikov periodic orbit organization found for Type III ͑Fig. 5, Ref. 5͒, the periodic orbits became asymptotic to the values corresponding to the tangencies. Physically, as we increase ␤, these solutions corresponds to pulses which develop small oscillations in the amplitude of the electric field, and its phase is unbounded; asymptotically these small oscillations approach closer and closer the undamped relaxation oscillation ␥ ͑see Fig. 12͒ .
The bifurcation scenario for homoclinic tangencies has been studied theoretically by Gaspard and Wang 27 where they report that two sequences of saddle-node bifurcations accumulate to the parameter values where each tangency occurs. More recently Hirshberg and Laing 28 developed a return map model close to a Takens-Bogdanov degenerate point where they observe that for high enough periods, both periodic orbits created at a saddle-node bifurcations die at another saddle-node bifurcation associated to the other tangency, forming ''bubbles'' or ''isola'' of periodic orbits in parameter space.
The family of periodic orbits in Fig. 11 seems to be bounded by the t2 tangency. However by the previous discussion on a return map, it allows the possibility of the existence of unstable orbits in the region between t2 tangency and the creation of the saddle-node bifurcation. For this we performed numerical integrations starting at the Poincaré section and inside the stable manifold. For negative time steps, in Fig. 13 we display the crossings with the Poincaré section, together with a phase-portrait. This shows the existence of a repeller inside the stable manifold of ␥ which turns into a periodic orbit of very high period as the stable manifold shrinks. At ␤ϭ0.1969Ͻ␤ SN we find the period of this unstable orbit PϷ2500. Finally, we note on passing that the analysis in Ref. 6 completes the study of the effects of the HSN bifurcation on LIS by describing the case of very low detuning ͑Type II of HSN͒.
V. DISCUSSION
We have shown that in the rate equations for a laser with injected signal, the detuning plays an important double role in determining the type of local bifurcations close to the locking regime, and changing the kind of global bifurcations.
We presented a systematic order-by-order analysis of the LIS equations starting with the Adler equation at lowest order, all the way up to the averaged model, accurate up to second order in the involved variables. Moreover, perturbation corrections beyond the averaged model give a sound basis to the geometrical model of LIS proposed in Ref. 5 .
We analyzed with normal form theory how the Type of the Hopf-saddle-node bifurcation changes with the parameters, verifying that the classification ͑1͒ found by Solari and Oppo 2 in an averaged system is accurate. This change of type as is varied should affect the global bifurcations involving the invariant sets of the HSN bifurcation. We therefore extended our previous numerical findings 5 showing that for Ͼ I-III Ϸ)ϩO(•) the main scenario for the development of ''chaos'' comes from the S il'nikov phenomenon 14, 15 ͑homoclinic bifurcation to a saddle-focus fixed point͒ interacting with a saddle-node bifurcation. A new scenario was found in the region Ͻ I-III Ϸ)ϩO(•), where homoclinic tangencies to a periodic orbit were found to originate from the HSN bifurcation. Both the saddle-fixed points and the periodic orbit belong to the unfolding of the Hopf-saddle-node local bifurcation.
The above results point to the conjecture that there is a codimension-3 global bifurcation involving the Hopf-saddlenode local singularity and the global reinjection present in this laser in a wide range of parameters ͑at least II-I Ͻ Ͻ I-III Ͻ2.0). We hope these numerical findings will open the way to new theoretical models to understand more closely the unfolding of this degenerate bifurcation.
Most important for the physicists is that the region of existence of the S il'nikov phenomenon is bounded for low enough injection amplitude ␤ by the disappearance of the locking states, while for the homoclinic tangencies the chaotic regime occurs for injection amplitudes ␤ just ''before'' the locking states appear.
As it is well known, estimation of in real experiments is difficult. We thus hope that with a close study of the existence of locking states and chaotic regimes it might be possible to determine in which type the laser is working, and contrast our numerical predictions. 
APPENDIX A: THE AVERAGING PROCEDURE IN REF. 3
We will now apply the averaging procedure to the relaxation oscillations motion of the laser with injected signal model as written in Eq. ͑1͒ of Ref. ЈϭϩH͑v,n,͒.
To apply the averaging theorem we must change ͑A4͒ to a ''slow'' system, which would require to find an analytic solution to the nonharmonic oscillator vЉϩvϩv 2 /2ϭ0. 
